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We consider a simple method of generating solutions to Einstein gravity coupled to a
dilaton and a 2-form gauge potential in n dimensions, starting from an arbitrary (n−m)-
dimensional Ricci-flat metric with m commuting Killing vectors. It essentially consists of
a particular combination of coordinate transformations and T-duality and is related to
the so-called null Melvin twists and TsT transformations. Examples obtained in this way
include two charged black strings in five dimensions and a finite action configuration in
three dimensions derived from empty flat space. The latter leads us to amend the effective
action by a specific boundary term required for it to admit solutions with positive action.
An extension of our method involving an S-duality transformation that is applicable to
four-dimensional seed metrics produces further nontrivial solutions in five dimensions.
1 Introduction
One of the most attractive features of string theory is that it gives rise to gravity: the
low-energy effective action for the background fields on a string world-sheet is diffeomor-
phism invariant and includes the Einstein-Hilbert term of general relativity. This effective
action is obtained by integrating renormalization group beta functions whose vanishing
is required for Weyl invariance of the world-sheet sigma model and can be interpreted
as a set of equations of motion for the background fields. Solutions to these equations
determine spacetimes in which the string propagates.
In the case of the closed bosonic string the massless background fields consist of a metric, a
two-form (antisymmetric tensor) gauge potential and a scalar field, the dilaton. Neglecting
the central charge term that only vanishes in 26 dimensions, their low-energy effective
action is interesting in its own right without connection to string theory as a particular
theory of matter coupled to gravity. In five dimensions especially the tensor can be
dualized into a more conventional vector field, such that one obtains Einstein-Maxwell-
dilaton theory. It is with this point of view in mind that we offer two computationally
very simple methods of constructing nontrivial solutions to the equations of motion of
this theory. It makes use of the target space duality symmetry (T-duality for short) of
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the corresponding world-sheet sigma model under inversion R → 1/R of the radius of a
compact dimension (for a review see e.g. [1]).
The action of T-duality on the background fields of the bosonic string was worked out
to one-loop order in [2, 3]. As we briefly review in the next section, these Buscher rules
map one solution of the equations of motion to another. Since they mix components of
the metric and matter fields, the resulting spacetime geometry depends on the choice of
coordinates used to formulate the seed solution. Suitable coordinate transformations/field
redefinitions can be employed in combination with T-duality to derive new solutions
entirely different from the original ones (though equivalent from the world-sheet point of
view).
Consider for instance1 the flat metric on R2 and pass from Cartesian to polar coordinates:
ds2 = dr2+r2dϕ2. Upon dualization of ϕ into an angle θ the Buscher rules yield the metric
ds2 = dr2 +r−2dθ2, which is curved with curvature scalar R = −4/r2. The field equations
are solved thanks to a nontrivial dilaton Φ = − ln r. The methods we present in this
paper expand on this observation by essentially performing coordinate transformations
that produce off-diagonal components of the metric which after dualization give rise to
a nontrivial tensor field in addition to the dilaton. More concretely, we use as input
an arbitrary (n − m)-dimensional Ricci-flat metric that admits m commuting Killing
vectors, which obviously solves the vacuum field equations. We then extend spacetime
by m dimensions on which we perform T-duality transformations after a field redefinition
that mixes the metric components along the old and new directions (i.e., couples the
world-sheet scalar fields). The role of the isometries is to ensure the applicability of T-
duality after the field redefinition. The result is a metric with (at least) 2m isometries
and nontrivial matter fields living in n dimensions.
When regarded as a procedure performed on a two-dimensional sigma model, our approach
fits into a more general framework of certain p-form gauge theories, which gave us the idea
to apply it to gravity in the first place: In [5] Henneaux and Knaepen generalized so-called
Freedman-Townsend models [6] of self-interacting (D − 2)-forms θα in D dimensions to
include couplings to further form fields Xa. We observed in [7] that upon dualization
of the θα into scalar fields φ
α the latter can be decoupled from the Xa under certain
conditions by means of a local field redefinition, even though no such redefinition exists
that could decouple the θα from the X
a in the dual formulation on the level of the action.2
In D = 2 all forms are reduced to scalars and we obtain a duality between two sigma
models, with the (Xa, θα) model having a curved target space even if the dual (X
a, φα)
model is flat. The 0-forms θα, regarded as world-sheet scalar fields, parametrize the m
additional dimensions mentioned above. The condition under which the decoupling of the
dual scalars φα occurs translates into isometries of the metric that provides the kinetic
function of the n−m 0-forms Xa.
1I learned of this example from Martin Rocˇek [4].
2All scattering amplitudes vanish, however, which resolves the apparent paradox that had us confused
in [7].
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Of course, generating further solutions by T-dualizing existing ones is a straightforward
procedure that would hardly warrant a publication. It becomes interesting, however, if
additional steps such as ours produce highly nontrivial solutions out of seed solutions that
are as simple as possible — ideally trivial as in the example above, which then amounts to
solving the Einstein equations without ever having to solve a single differential equation.
Below we obtain several such nontrivial examples from empty flat space. Thus, the
proverbial free lunch does exist after all.
Previous examples of deriving nontrivial solutions from (Ricci-) flat space by a combina-
tion of duality and coordinate transformations can be found for instance in [8, 9, 10, 11].
In fact, when restricted to the simplest case of the flat metric in Cartesian coordinates
with one isometry generated by an antisymmetric matrix as input and one corresponding
additional dimension, our solutions reduce to ones that have been found before in [11]
by means of what is now called a null Melvin twist in the literature [12]. The case of
nontrivial metrics extended by one dimension is a subset of solutions derived in [13] by
the same null Melvin twist.3 The first three examples below fall into this class, whereas
the following ones are more general and cannot be obtained by a null Melvin twist.
In particular, the last two examples are derived by means of an extension of the method
described above that can be applied to Ricci-flat metrics in four dimensions with an isom-
etry and produces five-dimensional static spacetimes (if the seed metric has Euclidean
signature) with nontrivial matter. It makes a detour through six dimensions, where the
dual of a 2-form gauge potential is again a 2-form, and includes an S-duality transforma-
tion of the dilaton and a Weyl rescaling of the metric. After dualizing the tensor into a
vector field, we obtain in this way novel solutions to Einstein-Maxwell-dilaton gravity in
five dimensions.
We should remark that we do not regard our methods as a means to generate consistent
bosonic string backgrounds. For one, we only solve the string equations to lowest order
in the α′-expansion, and it is unlikely that any of these field configurations are exact to
all orders. Another reason is that we are neglecting the central charge term in the dilaton
anomaly coefficient since we are very much interested in solutions in dimensions less than
26, which in our approach would require a nontrivial seed solution with nonvanishing
matter. Nevertheless, we shall occasionally refer to the solutions as ‘backgrounds’.
In the next section we set up the theory and recall how T-duality maps solutions to
solutions. We then point out an unsatisfactory property of the Euclidean O(α′0) effective
action of the bosonic string (without central charge term) as it is usually found in the
literature: it is negative semi-definite. As we explain in section 3, this problem can
be cured by including a suitable boundary term in the action. Such a modification is
admissible as it leaves the beta function equations unchanged. The particular term we
add is also natural in that it compensates for a total derivative that arises in passing from
string to Einstein frame by means of a Weyl rescaling of the metric. This term is usually
3I am grateful to Oliver DeWolfe for pointing this out to me.
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dropped, but can be nonvanishing and then destroys the positivity of the Euclidean matter
action. In our first example, a three-dimensional geometry with finite action, we find that
the boundary term has the effect of flipping the sign of the latter.
In section 4 we explain our main method of generating solutions, which we present in two
equivalent versions formulated in different sets of coordinates. In the following section 5
we then apply our method to five seed solutions. The first two consist of nothing more than
the flat metric on R2 in Cartesian coordinates, once with Euclidean signature and once
with Lorentzian one. The former leads to the aforementioned finite action solution, while
the latter results in a three-dimensional spacetime with timelike singularities somewhat
similar to those appearing in the Reissner-Nordstro¨m black hole. The third example is
obtained from the Schwarzschild metric as input and describes a magnetically charged
black string in five dimensions previously found in [8] by other means. We also construct
a corresponding electrically charged black string. The fourth example is a two-parameter
deformation of six-dimensional empty flat space. From this we derive our second method
of generating solutions in five dimensions, for which we provide two more examples: one
again starting from four-dimensional flat space and one using the Euclidean Taub-NUT
metric as input. The latter produces a static spacetime permeated by magnetc charge
whose spatial slices are deformed Taub-NUT geometries. Finally, we conclude in section 6.
2 The Model and T-Duality
Consider the following n-dimensional action for a metric GIJ(X), antisymmetric tensor
BIJ(X) and dilaton Φ(X) in the string frame:
4
Sn = ±
∫
dnX
√
G e−2Φ
(
R + 4 ∂IΦ ∂
IΦ− 1
12
HIJKH
IJK
)
+ Sbn , (1)
where HIJK = 3∂[IBJK], and the overall sign depends on the signature of the metric (plus
in the Lorentzian case). Here, Sbn is a boundary term that we specify below. The linear
combinations [15]
2piβ¯GIJ = RIJ + 2∇I∂JΦ− 14HIKLHJ
KL = 0 (2)
2piβ¯BIJ = −12 e
2Φ∇K(e−2ΦHIJK) = 0 (3)
2piβ¯Φ′ = −1
2
∇I∂IΦ + ∂IΦ ∂IΦ− 1
24
HIJKH
IJK = 0 (4)
of the equations of motion of Sn correspond, up to a constant n-dependent central charge
term missing in β¯Φ′, to the vanishing of the Weyl anomaly coefficients (related to the one-
and two-loop beta functions) of a nonlinear sigma model on a two-dimensional curved
world-sheet with action
Lσ =
1
2
(
GIJ ∗dXI∧ dXJ −BIJ dXI∧ dXJ − 1
2pi
Φ ∗R(2)
)
. (5)
4We follow the conventions of Polchinski [14] with 2piα′ = 1 and 2κ20 = 1.
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If coordinates XI = (Xa, θ) with a = 1, . . . , n−1 can be chosen such that the background
fields in Lσ do not depend on θ, then one may dualize θ into another scalar φ. To leading
order the background fields transform under this duality according to the Buscher rules
[2, 3] as
G˜ab = Gab −G−1θθ
(
GaθGθb +BaθBθb
)
, G˜aφ = G
−1
θθ Baθ , G˜φφ = G
−1
θθ
B˜ab = Bab −G−1θθ
(
GaθBθb +BaθGθb
)
, B˜aφ = G
−1
θθ Gaθ
Φ˜ = Φ− 1
2
lnGθθ . (6)
The anomaly coefficients (2)–(4) transform homogeneously under T-duality. This essen-
tially follows from the renormalization group flow of the dual background fields obtained
by regarding them as functions of a renormalization scale µ and applying the logarith-
mic derivative µ d/dµ to the relations (6). Using the definition of the beta functions
βGIJ = µ dGIJ/dµ etc. one obtains in this way their duality transformations [16]. The
same hold for the anomaly coefficients. We conclude that, by virtue of the homogene-
ity, T-duality maps solutions to the equations of motion of Sn to solutions. Note that
this is the case whether or not the coordinate θ that we dualize parametrizes a compact
dimension. In the following we will dualize several scalars θα at once, for which we ex-
plicitly determine the transformed background metric and tensor in section 4, while the
transformation of the dilaton we just quote from the literature.
3 The Boundary Term
Let us now explain the inclusion of the boundary term in the string frame action (1). It
is given by
Sbn = ∓2 n− 1n− 2
∫
dnX
√
G ∇I∂I e−2Φ (7)
and can be nonzero for metrics and dilatons that do not fall off sufficiently fast at infinity.
It is needed for the theory to admit solutions with positive Euclidean action. To see this,
note that using the equations of motion (2) and (4) we may write the terms in brackets
in (1) as
R + 4 ∂IΦ ∂
IΦ− 1
12
HIJKH
IJK =
1
3
HIJKH
IJK , (8)
which implies that the usual Euclidean action without boundary term is negative semi-
definite for any solution. Sbn is chosen such as to cancel the total derivative arising in the
Weyl rescaling
GˆIJ = e
−4Φ/(n−2)GIJ (9)
of the curvature scalar:
√
G e−2ΦR =
√
Gˆ
(
Rˆ− 4 n− 1
n− 2 ∂IΦ ∂ˆ
IΦ− 4 n− 1
n− 2 ∇ˆ
I∂IΦ
)
. (10)
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The result is an Einstein frame action
Sn = ±
∫
dnX
√
Gˆ
(
Rˆ− 4
n− 2 ∂IΦ ∂ˆ
IΦ− 1
12
e−8Φ/(n−2)HIJKHˆIJK
)
(11)
with manifestly positive semi-definite matter terms in the case of Euclidean signature5
and no boundary term.
Of course, this is no guarantee that the action is always nonnegative, since the Einstein-
Hilbert term is unbounded and may dominate over the matter terms. But positive action
solutions now exist at least in special cases, as both the first example below and the
following argument [17] show: In four dimensions one can derive a Bogomol’nyi bound
L4 ≥ −Rˆ+4 ∂IΦ ∂ˆIΦ on the Euclidean action in Einstein frame that is saturated by fields
satisfying ∂ˆIe2Φ = −1
6
εIJKLHJKL. As these have vanishing energy-momentum tensor, the
metric must be Ricci-flat and we obtain L4 ≥ 0. This reasoning would not apply if we
didn’t compensate for the total derivative in the Weyl-rescaled curvature scalar.
4 The Solutions
Let us first recall the generalized Freedman-Townsend models of [5] (extended by a topo-
logical term introduced in [18] that naturally occurs in supersymmetric versions). They
describe interactions of (D − 2)-forms θα and p-forms Xa in D dimensions, which are
conveniently written in first-order form using auxiliary 1-forms V α:
L1 =
1
2
(
δαβ ∗V α∧ V β + 2 θα ∧Gα + gab ∗F a∧ F b + bab F a∧ F b
)
(12)
with field strengths
F a = (d+ V αTα)
a
bX
b , Gα = dV α + 1
2
fβγ
αV β∧ V γ . (13)
Here, Tα
a
b and fαβ
γ are real representation matrices and structure constants of an arbi-
trary Lie algebra, satisfying [Tα , Tβ ] = fαβ
γ Tγ, while gab = gba and bab = (−)p+1bba are
arbitrary matrices (the latter nonvanishing only for 2(p+ 1) = D). For D > 2 the action
is invariant under two kinds of gauge transformations (neither of which acts on the V α),
but since we are only interested in the case D = 2 with p = 0 where the θα and X
a are
all scalars, we shall not display them here (see for instance eqs. (5) and (6) in [7]). With
the gauge symmetries absent, the matrices gab and bab may depend on the fields X
a.
The θα act as Lagrange multipliers for the flatness conditions G
α = 0. Plugging the local
solution
V αTα = e
−φ ·Tdeφ ·T = dφαEαβ(φ)Tβ (14)
in terms of scalars φα into the action yields a nonlinear sigma model for φα and Xa. For
what follows it is important to note that the local field redefinition
Xa =
(
e−φ ·T
)
a
b Y
b (15)
5Provided the fields are real. Dualization in Euclidean spaces can result in imaginary fields with
negative kinetic terms, as in our last examples.
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allows to write the field strengths F a as
F a =
(
e−φ ·T
)
a
b dY
b , (16)
such that we arrive at the action
L˜σ =
1
2
(
hαβ ∗dφα∧ dφβ + gˆab ∗dY a∧ dY b + bˆab dY a∧ dY b
)
(17)
with the metric hαβ(φ) = Eα
γ(φ)Eβ
δ(φ) δγδ and
gˆab(φ, Y ) =
∂Xc
∂Y a
∂Xd
∂Y b
gcd(X) , bˆab(φ, Y ) =
∂Xc
∂Y a
∂Xd
∂Y b
bcd(X) . (18)
Now suppose that (15) is a symmetry of gab and bab, in particular that the vectors
ξα = Tα
a
bX
b∂a (19)
satisfy the Killing equation
Lξα gab = TαcdXd∂c gab + gacTαcb + gbcTαca = 0 . (20)
Then gˆab = gab(Y ) and bˆab = bab(Y ) are independent of φ
α and the latter decouple
completely from the Xa in the action, as we first observed in [7] (for arbitrary form
degree p and dimension D).
Alternatively, we may eliminate the auxiliary 1-forms V α from the action by means of
their algebraic equations of motion, which for D = 2 read
Kαβ V
β = ∗dθα − (dXagab + ∗dXabab) ξbα ≡ ∗Hα (21)
with the operator
Kαβ = δαβ + gab ξ
a
α ξ
b
β − (fαβγθγ + bab ξaα ξbβ) ∗ . (22)
Denoting its inverse by Kαβ and substituting the solution for V α into the action (12), we
arrive at a dual sigma model in terms of θα and X
a,
Lσ =
1
2
(∗Hα ∧KαβHβ + gab ∗dXa∧ dXb + bab dXa∧ dXb) , (23)
the leading terms of which are given by
Lσ =
1
2
(
δαβ ∗dθα ∧ dθβ + gab ∗dXa∧ dXb − 2δαβbab ξbβ ∗dXa∧ dθα
+ bab dX
a∧ dXb − fαβγθγ dθα ∧ dθβ − 2δαβgab ξbβ dXa∧ dθα + . . .
)
.
In this way, we have rederived the non-abelian Buscher rules of [19] (applied to our
models), apart from the dilaton transformation, which is given by the logarithm of the
determinant of Kαβ that arises as a Jacobian upon integrating out the V
α in a path
7
integral [3, 20]. It should be noted, however, that T-dual field configurations generically
correspond to the same world-sheet theory only in the abelian case [19].
As it is cumbersome to explicitly invert6 Kαβ to all orders in the general case, we shall
consider commuting matrices Tα and bab = 0 from now on. Then Kαβ is reduced to an
ordinary symmetric matrix and the complete action reads
Lσ =
1
2
(
Gαβ ∗dθα ∧ dθβ + (gab − gac gbdGαβξcα ξdβ) ∗dXa∧ dXb
− 2gabGαβξbβ dXa∧ dθα
)
(24)
with the inverse of Kαβ relabeled as
Gαβ =
(
δαβ + gab ξ
a
α ξ
b
β
)−1
. (25)
It now follows from the conclusion in section 2 that if gab(X
c) is an arbitrary (n − m)-
dimensional Ricci-flat metric with m commuting Killing vectors (19), then the following
n-dimensional field configurations are solutions to the equations of motion (2)–(4):
ds2 = GIJ dX
IdXJ =
(
gab − gac gbdGαβξcα ξdβ
)
dXadXb +Gαβdθα dθβ
B = gabG
αβξbβ dX
a∧ dθα , Φ = 12 ln det(Gαβ) , (26)
where we assume that the scalar products of the ξα with respect to gab are compatible
with the condition det(Gαβ) > 0. Regarding the matrices Tα as coupling constants, these
solutions are smooth deformations of the metric diag(gab, δ
αβ) with vanishing matter.
Note that none of the background fields depend on the extra coordinates θα. Moreover,
the isometries (20) of gab extend to symmetries of the fields in (26). This follows imme-
diately from the fact that they depend on Xa only through gab and the components of ξα
themselves:
LξαGIJ = LξαBIJ = LξαΦ = 0 . (27)
GIJ is positive-definite if gab is. In particular, the determinants are related by
det(GIJ) = e
4Φ det(gab) , (28)
which implies that the string frame volume element dnX
√
G e−2Φ is unchanged by the
deformation that leads to the field configurations (26).
As the examples below demonstrate, these solutions are nontrivial even in the simplest
cases when gab is flat. In general, the metric GIJ has nonvanishing curvature. Moreover,
for nonzero Tα the tensor cannot be pure gauge: expanding G
αβ in powers of Xa, the
leading terms of the field strength of BIJ read
H = dB = −δαβ(Tβab − Γcab ξcβ + . . . ) dXa∧ dXb∧ dθα ,
where Γcab are the Christoffel symbols of gab. Thus, H 6= 0 even for constant gab.
6Writing K = S −A∗, the inverse is given by K−1 = (S −AS−1A)−1(S +A∗)S−1.
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That the fields in (26) solve the equations of motion is a consequence of the duality of
sigma models outlined above and the isometry condition (20): As we read off from (17), the
dualization of θα into φ
α followed by the coordinate transformation (15) yields the block-
diagonal metric G˜IJ = diag(gab, hαβ) and vanishing tensor field. The dilaton vanishes as
well, as follows from the fact that dualization produces the inverse determinant. Now,
since the Tα commute we have hαβ = δαβ and G˜IJ is Ricci-flat thanks to the Ricci-flatness
of gab. The equations of motion (2)–(4) then are obviously satisfied and thus the original
backgrounds (26) are solutions as well.
As mentioned in the introduction, the solutions for m = 1 have been found before in [11]
and [13] by means of a null Melvin twist, which essentially consists of two boosts and two
T-dualities with a coordinate shift in between, followed by a double-scaling limit of the
transformation parameters. Our derivation appears to be simpler in that no more than
one T-duality and coordinate transformation is needed. The cases m > 1 are not covered
by these papers.
An alternative and sometimes more convenient formulation of the solutions (26) is ob-
tained by passing from Xa to adapted coordinates (ρα, ui), i = 1, . . . , n − 2m, such that
ξα = ∂ρα ≡ ∂α, which is possible since the ξα commute among each other and with ∂θα .
The transformation is of the form
Xa(ρ, u) =
(
e ρ ·T
)
a
b f
b(u) , (29)
with functions fa(u) chosen such that the change of coordinates is nonsingular. We then
find for the metric
ds2 = (gαβ − gαγGγδgδβ) dραdρβ + 2(gαi − gαβGβγgγi) dραdui
+ (gij − giαGαβgβj) duiduj +Gαβdθα dθβ , (30)
for the tensor
B = gαγG
γβdρα∧ dθβ + giαGαβdui ∧ dθβ , (31)
and for the dilaton
e−2Φ = det(δαβ + gαβ) = 1 + tr(gαβ) + . . .+ det(gαβ) , (32)
where in the last equation we have displayed all terms relevant for the cases m ≤ 2.
Here, all coefficients are independent of both θα and ρ
α, the latter invariances being a
consequence of the isometries (20) in coordinates (ρα, ui): ∂α gab = 0. The tensor field
strength is easily computed:
H = ∂i (gαγG
γβ) dui ∧ dρα∧ dθβ + ∂i(gjαGαβ) dui ∧ duj ∧ dθβ . (33)
In this formulation, the duality to solutions with vanishing matter fields and Ricci-flat
metric can be seen in the following way: We may use the independence of ρα to dualize
them into scalars σα; from eqs. (6) and (25) we obtain
ds˜ 2 = gαβdσα dσβ + (gij − giα gαβgβj) duiduj + δαβ(dθα − dσα)(dθβ − dσβ)
9
B˜ = giα g
αβdui ∧ dσβ , e−2Φ˜ = det(gαβ) ,
where gαβ denotes the inverse of the matrix gαβ, not the αβ components of g
ab. At this
intermediate step it appears that we have to impose the stronger condition det(gαβ) > 0.
However, the solutions (30), (31) are perfectly admissible for det(gαβ) ≤ 0 as long as
det(δαβ + gαβ) > 0. Now, by introducing shifted coordinates φα = θα − σα, the latter
decouple from the other scalars. If we then dualize σα back into ρ
α, it is obvious that we
arrive at
ds2 = gαβ dρ
αdρβ + 2giα du
idρα + gij du
iduj + δαβdφα dφβ
with B = Φ = 0, which is the Ricci-flat metric diag(gab, δ
αβ) expressed in terms of
coordinates (ρα, ui, φα).
The actions we have performed here essentially amount to a multi-dimensional version
of the so-called TsT transformation [21, 22, 23], which also consists of a coordinate shift
sandwiched between two T-duality transformations.
5 Examples
5.1 Three-dimensional Euclidean Space
Let us first consider the simplest case of two coordinates Xa = (x, y) and
gab = δab , Tab = −κab (34)
with 12 = 1 and constant κ ∈ R, which obviously satisfy condition (20). The three-
dimensional metric GIJ in string frame then takes the form
ds2 =
1
1 + κ2r2
(
dx2 + dy2 + κ2(xdx+ ydy)2 + dθ2
)
, (35)
where r2 = x2 + y2. The rotational invariance (27) becomes manifest in polar coordinates
XI = (r, ϕ, θ), in which ξ = κ(x∂y − y∂x) = κ∂ϕ.7 The metric turns into
ds2 = dr2 +
1
1 + κ2r2
(
r2dϕ2 + dθ2
)
. (36)
In these coordinates, the corresponding Ricci tensor is diagonal,
RIJ =
2κ2
(1 + κ2r2)3
diag
[
(2− κ2r2)(1 + κ2r2) , 2r2 , 1− κ2r2 ] , (37)
from which we derive the curvature scalar R = 2κ2 (5 − 2κ2r2)/(1 + κ2r2)2. The 2-form
B-field is given by
B =
κr2
1 + κ2r2
dϕ ∧ dθ . (38)
7This is a coordinate transformation (29) with ρ = ϕ/κ, u = r and fa = (r, 0).
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In three dimensions, its field strength is proportional to the volume form,
H =
2κr
(1 + κ2r2)2
d3X , (39)
which implies that
HIKLHJ
KL =
8κ2
(1 + κ2r2)2
GIJ . (40)
The dilaton
Φ = −1
2
ln(1 + κ2r2) (41)
has second derivatives
∇I∂JΦ = κ
2
(1 + κ2r2)3
diag
[
κ4r4 − 1 , −r2 , κ2r2 ] . (42)
Adding (37), (42) and (40) with the appropriate prefactors, we find that the anomaly
coefficients (2) of GIJ indeed vanish. Likewise, the other two equations of motion (3) and
(4) are easily verified.
If θ parametrizes a compact dimension (with period 2pi), the action (1) turns out to be
finite.8 Without the boundary term, it is proportional to the flux of the 3-form field
strength and negative as anticipated:
S3 − Sb3 = −
∫
d3X
8κ2r
(1 + κ2r2)2
= −4κ
∫
H = −4(2pi)2 (43)
for κ 6= 0. The boundary term (7), however, is nonvanishing,
Sb3 = 4
∫
d3X ∂I
(√
G GIJ∂J e
−2Φ) = 4(2pi)2 ∞∫
0
dr ∂r
(
2κ2r2
1 + κ2r2
)
= 8(2pi)2 , (44)
and yields a total action with positive value S3 = 4(2pi)
2.
5.2 Three-dimensional Lorentzian Spacetime
Instead of a Euclidean metric gab, we can also consider the indefinite metric gab = ηab =
diag(−1, 1). The matrix Tab remains the same as in the previous example, but T ab =
−κηaccb = κτ1ab is different9 now, resulting in ξ = κ(x∂y + y∂x). The dilaton turns into
e−2Φ = 1 + κ2(x2 − y2). Positivity of this expression restricts the domain of x, y to the
region between the two hyperbolas y2 = κ−2 + x2. We could introduce new coordinates
via (29), which would express x and y in terms of linear combinations of sinh ρ and cosh ρ,
such that ξ = κ∂ρ. Instead, the spacetime geometry becomes more transparent if we use
Kruskal-like coordinates T and X defined through
x = (1 + r) e−r T , y = (1 + r) e−rX . (45)
8In both frames the curvature and dilaton terms diverge separately, but their sum is finite.
9We denote with τi the Pauli matrices, while σi denote the left-invariant 1-forms of SU(2) given below
in (60).
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T 2 −X2
r
−1
1
Fig. 1: (Inverse) radius (46) in (string)
Einstein frame
i+
i−
r = 0 r = 0
Fig. 2: Penrose diagram of spacetime (47)
Here, the function r(T,X) is determined implicitly by
κ2
(
T 2 −X2) = r − 1
r + 1
e2r (46)
and is restricted by the condition r > 0, which implies X2 < κ−2 + T 2. It is plotted in
figure 1. The string frame metric GIJ then reads
ds2 =
1
1 + κ2(x2 − y2)
(
dy2 − dx2 − κ2(xdx− ydy)2 + dθ2)
=
(
1 + r
r
)2
e−2r
(
dX2 − dT 2)+ 1
r2
dθ2 , (47)
and the tensor and dilaton are given by
B = κ
(
1 + r
r
)2
e−2r
(
XdT − T dX)∧ dθ , e−2Φ = r2 . (48)
Taking θ periodic, the two-dimensional space is cylindrical with varying radius r−1 = eΦ in
string frame and r in Einstein frame. In the latter the metric reads GˆIJ = r
4GIJ . At the
two boundaries where r = 0, the matter fields blow up. So does the curvature scalar, which
is given by R = 2κ2(2r2 − 7)/r4 in string frame and by Rˆ = 2κ2(5 − 2r2)/r8 in Einstein
frame. The Penrose diagram shown in figure 2 for κ 6= 0 (with the θ direction suppressed)
shares some similarities with that of the interior region of the Reissner-Nordstro¨m black
hole, in that there are two timelike singularities. The spacetime therefore contains Cauchy
horizons.
5.3 Five-dimensional Lorentzian Spacetime
As a more advanced example, we consider for the Ricci-flat metric gab the four-dimensional
Schwarzschild black hole
g = −V dt2 + V −1dr2 + r2(dϑ2 + sin2ϑ dϕ2) with V (r) = 1− 2M
r
. (49)
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There are several choices for an isometry ξ. Let us pick the time translation ξ = κ∂t with
κ ∈ R. Positivity of the exponentiated dilaton
e−2Φ = 1 + κ2gtt = 1− κ2V (50)
imposes an upper bound on r unless we take κ2 ≤ 1, which we shall assume from now on.
Using the coordinates ρ = t/κ and ui = (r, ϑ, ϕ), we obtain from (30) the five-dimensional
string frame metric
ds2 = − V
1− κ2V dt
2 + V −1dr2 + r2
(
dϑ2 + sin2ϑ dϕ2
)
+
1
1− κ2V dθ
2 , (51)
and from (31) the tensor
B = − κV
1− κ2V dt ∧ dθ . (52)
The value κ2 = 1 is special: The metric ceases to be asymptotically flat, as indicated by
the fall-off behavior of the curvature scalar for large r, which in Einstein frame goes like
r−4/3 only instead of r−4 if 0 < κ2 < 1.
In five spacetime dimensions, the 2-form B can be dualized into a 1-form A. Its field
strength is given by
F = −e−2Φ∗H = 2Mκ
r2
e2Φ ∗(dr ∧ dt ∧ dθ) = 2Mκ sinϑ dϑ ∧ dϕ . (53)
Thus, locally F = dA with A = −2Mκ cosϑ dϕ. The flux of F through a 2-sphere at
constant t, θ and r > 2M yields a magnetic charge per unit length
1
4pi
∫
S2
F = 2Mκ . (54)
A constant rescaling of t and θ together with a gauge transformation of B and a shift
of the dilaton maps this solution to the five-dimensional black string found in [8] with
cosh2α = (1 − κ2)−1, which also was obtained from the product of the four-dimensional
Schwarzschild black hole with a line/circle, in this case by means of a Lorentz boost
mixing t and θ followed by a dualization of θ.
There is an easy way to derive an electrically charged black string from the magnetic
one: Introduce a tensor B˜ = A ∧ dθ, where A is the above 1-form, change the sign of the
dilaton, Φ˜ = −Φ, and rescale the metric by e−2Φ with an extra factor e−2Φ for dθ2:
ds˜2 = −V dt2 + (1− κ2V )(V −1dr2 + r2(dϑ2 + sin2ϑ dϕ2) + dθ2)
B˜ = −2Mκ cosϑ dϕ ∧ dθ , e−2Φ˜ = 1
1− κ2V . (55)
We will see in the next two sections why this configuration solves the equations of motion
(in string frame). Like the Schwarzschild geometry and its magnetically charged cousin
the spacetime has a singularity at r = 0, as can be inferred for κ 6= 0 from the curvature
scalar
R˜ =
2M2κ2
r4
5− 2κ2V
(1− κ2V )3 . (56)
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It is hidden behind a horizon of topology S2×S1 (for compact θ) at r = 2M . Integrating
the 3-form field strength H˜ = dB˜ over S2 × S1 at fixed t and r > 2M yields an electric
charge 2Mκ.
5.4 Six-dimensional Space
Let us now give an example for the solutions (26) with two additional dimensions para-
metrized by θ1, θ2. We choose as the seed solution the flat metric gab = δab on R4. Two
commuting Killing vectors (19) are obtained from the antisymmetric 4× 4 matrices
T1 = −iκ1 τ3 ⊗ τ2 , T2 = −iκ2 1⊗ τ2 (57)
with κ1, κ2 ∈ R, which span the Cartan subalgebra of so(4). We can introduce adapted
coordinates ρα = (ϕ/2κ1, ψ/2κ2) and u
i = (r, ϑ) as in (29),
Xa = eϕT1/2κ1+ψT2/2κ2

r cos(ϑ/2)
0
r sin(ϑ/2)
0
 = r

cos(ϑ/2) cos
(
ψ+ϕ
2
)
cos(ϑ/2) sin
(
ψ+ϕ
2
)
sin(ϑ/2) cos
(
ψ−ϕ
2
)
sin(ϑ/2) sin
(
ψ−ϕ
2
)
 (58)
with r2 = δabX
aXb, in terms of which the metric gab reads
g = dr2 + r2
(
σ21 + σ
2
2 + σ
2
3
)
= dr2 +
r2
4
(
dϑ2 + dϕ2 + 2 cosϑ dϕdψ + dψ2
)
. (59)
Here, σi denote the left-invariant 1-forms of SU(2):
2σ1 = cosψ dϑ+ sinψ sinϑ dϕ
2σ2 = sinψ dϑ− cosψ sinϑ dϕ
2σ3 = dψ + cosϑ dϕ . (60)
The Killing vectors turn into ξ1 = 2κ1∂ϕ and ξ2 = 2κ2∂ψ. Since their scalar product with
respect to gab is nonzero, the matrix (22) has off-diagonal elements,
Kαβ =
(
1 + κ21 r
2 κ1κ2 r
2 cosϑ
κ1κ2 r
2 cosϑ 1 + κ22 r
2
)
, (61)
which leads to the dilaton
e−2Φ = 1 + (κ21 + κ
2
2)r
2 + κ21κ
2
2 r
4 sin2ϑ . (62)
The formulas in section 4 now give the six-dimensional metric
ds2 = dr2 +
r2
4
dϑ2 +
r2
4
e2Φ
[
(1 + κ22 r
2 sin2ϑ)dϕ2 + 2 cosϑ dϕdψ + (1 + κ21 r
2 sin2ϑ)dψ2
]
+ e2Φ
[
(1 + κ22 r
2)dθ21 − 2κ1κ2 r2 cosϑ dθ1 dθ2 + (1 + κ21 r2)dθ22
]
(63)
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and tensor
B =
r2
2
e2Φ
[
κ1
(
cosϑ dψ + (1 + κ22 r
2 sin2ϑ)dϕ
) ∧ dθ1
+ κ2
(
cosϑ dϕ+ (1 + κ21 r
2 sin2ϑ)dψ
) ∧ dθ2 ] . (64)
In six dimensions, the 2-form B can be dualized into another 2-form B˜, which provides
us with a further solution. Due to the properties of the Hodge operator in Euclidean
signature, we have to consider an imaginary field B˜ defined through dB˜ = ie−2Φ∗H if we
want to retain the form of the action (1).10 The result then is
B˜ =
i
2
r2
[
κ2 (dψ + cosϑ dϕ) ∧ dθ1 + κ1 (dϕ+ cosϑ dψ) ∧ dθ2
]
(65)
modulo a gauge transformation. The dualization has to be performed in Einstein frame11
together with an inversion Φ˜ = −Φ of the dilaton in order for Φ˜ to appear in the action
in the same way as Φ. The string frame equations of motion (2)–(4) are then solved with
the metric (63) multiplied by a factor e−2Φ, which is the net effect of two Weyl rescalings
G˜IJ = e
Φ˜GˆIJ = e
Φ˜−ΦGIJ from string to Einstein frame and back.
5.5 More Solutions in Five Dimensions
A way to turn the solution just derived into one with real fields is to switch off one of
the deformations by setting, say, κ1 = 0 and to perform a Wick rotation θ1 → i t, which
results in a spacetime with one timelike direction. We find
ds˜2 =
(
1 + κ2r2
)(− dt2 + dr2 + r2σ21 + r2σ22)+ r2σ23 + dθ22
B˜ = −κr2σ3 ∧ dt , e−2Φ˜ = 1
1 + κ2r2
(66)
with κ ≡ κ2. We may now reduce the spacetime to five dimensions by setting θ2 constant,
which still solves the equations of motion. B˜ can then be dualized into a 1-form A˜ again,
with field strength
F˜ = −e−2Φ˜∗H˜ = −κ d
(
r2σ3
1 + κ2r2
)
. (67)
Note that in a suitable gauge B˜ = e2Φ˜A˜∧dt. The magnetic charge obtained by integrating
F˜ over a 2-sphere at constant t, ψ and r,
1
4pi
∫
S2
F˜ =
1
2κ
κ2r2
1 + κ2r2
, (68)
approaches the finite value 1/2κ in the limit r →∞.
10In Euclidean spaces it is ∗2H = −(−)nH on forms of odd degree, which differs by a sign from the
corresponding expression in Lorentzian signature. For a more detailed explanation of the appearance of
the imaginary unit see e.g. the appendix of [24].
11Note that ∗ˆH = ∗H for a Weyl rescaling (9) in n = 6 dimensions.
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What we have just found is a new method to generate solutions in five dimensions, which
can be applied to other seed metrics as well. Let us summarize the steps before presenting
another example: Starting from a four-dimensional Ricci-flat metric with an isometry, first
generate a solution in five dimensions with coordinates XI = (Xa, θ) using the formulas
in section 4. Then uplift to six dimensions by taking the product with a time- or spacelike
factor R (or S1) parametrized by θ′, depending on whether the seed metric has Euclidean
or Lorentzian signature, respectively. Now dualize the tensor (which yields a real field
since the six-dimensional metric is already Lorentzian, avoiding the need for a Wick
rotation), invert the dilaton and rescale the metric by a factor e−2Φ. The spacetime can
then be reduced to five dimensions with coordinates XI = (Xa, θ′) by setting θ constant.
The resulting metric, tensor and dilaton will satisfy the string frame equations of motion
(2)–(4). This is equivalent to the procedure that generated the electrically charged black
string (55). There is no way to derive these solutions by any of the methods mentioned
so far (ours, null Melvin twist, TsT transformation), since every one of them acts on the
dilaton merely by T-duality transformations, whereas here we also include an S-duality
transformation Φ → Φ˜ = −Φ, which results in e−2Φ˜ depending nonpolynomially on the
deformation parameter (as evidenced by κ appearing in the denominator in (55) and (66)).
Let us apply this method to the Euclidean Taub-NUT metric in the form
g = V
(
dr2 + r2(2σ1)
2 + r2(2σ2)
2
)
+
M2
V
(2σ3)
2 (69)
with V (r) = 1 +M/r and constant M > 0, which is Ricci-flat. We use the Killing vector
ξ = κ∂ψ to generate a new solution in five dimensions. Skipping all further steps described
above, the final result for the five-dimensional spacetime and matter fields reads
ds˜2 =
(
V + κ2M2
)(
dr2 + r2(2σ1)
2 + r2(2σ2)
2
)
+
M2
V
(2σ3)
2 −
(
1 +
κ2M2
V
)
dt2
B˜ = −2κM
2
V
σ3 ∧ dt , e−2Φ˜ =
(
1 +
κ2M2
V
)−1
. (70)
The spatial slices of constant t are equipped with a generalized Taub-NUT metric as
considered in [25], with the Hopf fiber of S3 κ-undeformed. The curvature scalar, which
in string frame is given by
R˜ = − κ
2M4
2r4V 4
10 + 7κ2M2/V
(1 + κ2M2/V )3
, (71)
is regular everywhere. Its fall-off behavior ∼ r−4 for large r is the same in both frames.
There is again a gauge in which the 1-form A˜ dual to B˜ satisfies the relation B˜ = e2Φ˜A˜∧dt.
It gives rise to a magnetic charge
1
4pi
∫
S2
F˜ =
κM2
1 + κ2M2 +M/r
(72)
that is finite for any r and approaches κM2/(1 + κ2M2) in the limit r →∞.
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6 Conclusions
We have presented two methods to generate solutions to dilaton gravity coupled to a
2-form gauge potential in n dimensions that is part of the low-energy effective description
of (noncritical) bosonic string theory. The primary method generalizes the one-parameter
solutions produced by the null Melvin twist and the TsT transformation (restricted to
the Neveu-Schwarz sector considered here) to multi-parameter deformations of the seed
solution. Of course, one may perform several consecutive twists, each with its own param-
eter, but the result will in general differ from ours. Note also that the null Melvin twist
requires the seed solution to admit at least three commuting Killing vectors, one more
than our method. Moreover, in suitable coordinates our method makes use of only one
T-duality, whereas the others each involve two such transformations. This is a curious
feature because when embedded into a type II supergravity, one T-duality would map
from IIA to IIB or vice versa, whereas after two T-dualities one ends up in the same
theory.
The reader may have noticed the absence of four-dimensional examples. The reason for
this is that, since in three dimensions the curvature tensor is completely determined by
the Ricci tensor, there are no Ricci-flat metrics other than flat ones that could be used
as seed solutions for four-dimensional spacetimes — our method is most suited for higher
dimensions.
Five dimensions are particularly interesting, not only because of the relation to Einstein-
Maxwell-dilaton gravity and the availability of many possible Ricci-flat seed metrics, but
also because in this case we have found a further way to generate solutions. What makes
this second method special is that it ‘dualizes’ a 2-form gauge potential into another 2-
form, whereas the proper dual in five dimensions is of course a 1-form. Furthermore, since
it acts on the dilaton by an S-duality transformation, in a string-theoretic context it can
be used to derive solutions with small string coupling constant gs = e
Φ∞ if the original
solution has large gs and would receive strong quantum corrections. It would be interesting
to generalize this method to supergravity theories that include a Ramond-Ramond sector.
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